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Turbulent Boundary-Layer Diffusion Flame:
Effects of Probability Density Function
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and
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A turbulent diffusion flame adjacent to a solid fuel in a parallel airflow is studied analytically. The flow is
assumed to be of boundary-layer type where the mean properties of flowfield are predicted by a
low-Reynolds-number K-e two-equation model. The chemical reaction is approximated as one-step and
infinite-fast. The mean mass-fraction distribution in the boundary layer is described by probability density
function (p.d.f.). Four kinds of p.d.f .s are used and they are beta, clipped Gaussian, double delta, and ten-point
delta p.d.f.s respectively. The general features of each flame structure by applying corresponding p.d.f.s are
quite similar. An overlap exists between fuel and oxidizer mean mass-fraction distributions. The maximal flame
temperature is below the value of adiabatic one and its profile is rounded. The velocity, mixture fraction and its
fluctuation, and total enthalpy are found to be almost invariant with the form of p.d.f.s. The mass fraction and
temperature profiles appear nearly identical by the uses of beta and clipped Gaussian p.d.f.s. In application of
double delta p.d.f., discontinuity shows up in these profiles. The modified ten-point delta p.d.f. has the
maximum flame temperature due to its smallest overlap of YY and YO among these p.d.f.s.
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Nomenclature
= constants
= constants
= skin-friction coefficient, rv

= average specific heat
= constant
= species diffusivity

1
= turbulent kinetic energy, - ( w / w j )

•"
= nondimensional turbulent kinetic energy,
= Lewis number, a/D
-- turbulent Lewis number
= average molecular weight
= Prandtl number
= turbulent Prandtl number
= temperature
= velocity parallel to fuel surface
= velocity normal to fuel surface
= fuel mass fraction
= oxidizer mass fraction
= dimensionless distance, y + = pwrw
= time-averaged quantity
= initial boundary-layer thickness
= 1) boundary-layer thickness. 2) 6-function
= 1) molecular viscosity. 2) mean value [Eqs.
(2-19)]

= turbulent viscosity
= constants
= standard deviation
= density
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= turbulent energy dissipation rate, v-—— —T—oy oy
= nondimensional turbulent energy dissipation

erate, -j-—
= shear stress
= nondimensional shear stress, ——r
= kinetic viscosity
= species consumption rate per unit time per unit

volume in gas phase

Subscripts
w = fuel surface
oo = freestream
st = stoichiometric state
t = turbulent state

Superscript
( )' = fluctuation quantity

Introduction

A TURBULENT boundary-layer combustion for a flame
adjacent to a solid fuel placed in a parallel oxidizer flow

is studied analytically. This is one of the fundamental prob-
lems for combustion science. Applications can extend to inves-
tigate the fire growth in the situation of wall fire as well as the
burning rate and combustion efficiency of solid fuel in the
combustor of the solid-fuel ramjet under special circumstance,
etc.

The study of solid fuel turbulent reacting flow has pro-
ceeded for last two decades. Maxman employed the finite but
thin-flame-sheet approximation leading to a modified Rey-
nolds analogy to analyze the hybrid rocket combustion prob-
lem in which the freestream conditions changed with the
streamwise distance.1 The results indicate that the heat trans-
fer and burning rates are in good agreement with that by the
experimental works. Wooldridge and Muzzy performed the
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combustion experiment for a turbulent boundary flow with
uniform wall injection of a hydrogen-nitrogen mixture as the
fuel in the wind tunnel.2 It shows that the flame zone occupies
10% of the total boundary-layer thickness, and the nondimen-
sional measured velocity, enthalpy, and concentration profiles
are found to be similar. This confirms the generalized Rey-
nolds analogy is valid. Netzer and his colleagues adopted a K-e
two-equation model with a one-step infinite-fast chemical ki-
netics to study the solid-fuel ramjet combustion.3 The flame
structure predicted by use of thin-flame sheet theory, implying
that there is no overlap between the time-averaged fuel and
oxidizer-concentration distributions, is in contradiction to the
experimental observation.4 The work by Most et al.5 was to
study the influence of turbulence on heat transfer to a reactive
wall in a square channel. The diffusion flame is obtained by
injecting a gaseous fuel through a porous wall into the turbu-
lent main airstream. The low-Reynolds-number K-e model
proposed by Jones and Launder is used.6'7 The combustion is
modified from mixing-layer formulation using instantaneous
chemical equilibrium and clipped rectangle probability density
function for the mixture fraction. It is found that mean tem-
perature and velocity profiles, heat flux to the wall, and mass
burning rate show good agreement with the experimental mea-
surements. Recently, Shan and T'ien investigated the turbu-
lent combustion boundary layer adjacent to a pyrolyzing solid
fuel surface.8 They adopted the low-Reynolds-number K-e
model as well to predict the mean properties of turbulent
flowfield. The instantaneous thin-flame-sheet theory together
with the beta probability density function for the mixture
fraction were used for combustion model. The results show
that the mean temperature profile is rounded with the maxi-
mum temperature well below the adiabatic value, and the
time-averaged mass fraction distributions of fuel and oxidizer
overlap substantially.

The flame configuration to be analyzed is shown schemati-
cally in Fig. 1. The turbulent air flows through a sudden dump
configuration for flame stabilization and some means of mix-
ing downstream of the fuel grain in order to burn all of the
available fuel in gas phas*e. The flame is observed to be quite
broad near the flow reattachment position and subsequently
develops into a turbulent diffusion flame within the boundary
layer in the downstream of the reattachment. In this study, we
apply the low-Reynolds-number K-e model to solve the turbu-
lent diffusion flame boundary-layer problem. As to combus-
tion, it is modified from the mixing-layer formulation using
the infinite fast chemical kinetics and the probability density
function (p.d.f.) of the mixture fraction. The applications of
four different probability density functions in the combustion
model are studied parametrically. After that, the comparisons
of detailed flame structures governed by each p.d.f. are given.

Mathematical Model
To begin this work, several assumptions are made for the

development of the time-averaged governing equations: The
diffusion flame is in a flat-plate boundary layer. The solid is
pure fuel and its pyrolysis occurs at constant temperature. The
chemical reaction is one-step and infinite fast. All species in
the combustion zone are homogeneous in gas phase, and the
perfect gas law is obeyed. The values of specific heat, molecu-
lar weight, and transport coefficient for each species in the

boundary layer edge

\ _—--H\-t-

I
reattachment point solid fuel plate

Fig. 1 A conceived solid-fuel plate combustion.

mixture are assumed equal and constant and the turbulent
Lewis number is equal to unity.

With these assumptions, the time-averaged governing dif-
ferential equations for two-dimensional boundary layer flow
are9

Continuity equation:

d - - d —
— (P **) + — (pv) =ox oY

^T-Momentum Equation:

__ du — du a
—— = —dy dyPU ——

dx dy

where pt is the turbulent viscosity, and is given by 6>7

(i)

(2)

(3)

where Rt is the turbulent Reynolds number, defined as K2p/
efi. It can be seen that the flow becomes laminar if Rt ap-
proaches to zero. On the other hand, turbulent flow is retained
when Rt is much greater than unity.

The relative transport equations for solving K and e are
given as follows:

__ OK —dK a lY pt\ 8K]
pu — + pv ----- I M + — ) —dx dy dy L V oj dy\

du7-r-/*-- (4)

__ de -de a \( n,\ del
pu— + pv — = — U + — —dx dy dy \_\ aj dy]

£/awV
'x\9y)

P
(5)

Unlike the common-used K-e model, there are several addi-
tional terms appearing in Eqs. (4) and (5). The purpose is
letting e become zero at the wall for the computational advan-
tage. The correct boundary condition for e at the wall should
be

(6)

It appears to be much more difficult to handle computation-
ally. Jones and Launder suggested to use e = 0 at wall instead
by adding the last term to Eq. (4).6'7

For a reacting flow subjected to large temperature change,
density is affected by the temperature variation through

1
(7)

which is served as the coupling between momentum and en-
ergy equations. The change of molecular viscosity with tem-
perature is taken as

P~T (8)

The instantaneous species conservation equations for the
fuel and oxidizer can be expressed in general form:

ar/ ay/ ay/ a / ay,p —- + pu—- + pv—- = — pD—-P dt P dx P dy dy \P dy / = F,0 (9)
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where co/ is the species-production term. There has not been
significant development in the use of moment methods model-
ing the unclosed species-production-rate term d>/. For the dif-
fusion flame, this problem can be circumvented if the reaction
time is negligibly short in comparison with the mixing time.
This assumption implies that the instantaneous molecular-spe-
cies concentrations and temperature only are functions of
conserved scalar at that instant.10 Since the molecular-species
concentrations are directly related to the conserved scalar and
the statistics of all thermodynamic variables are obtainable
from the knowledge of the statistics of the scalar, a typical
choice for the strictly conserved scalar variable is the mixture
fraction, /, which has been applied successfully to diffusion
flame boundary-layer problems.10'11

The mixture fraction / in the present problem is defined as

/=• (10)

where <£ = YF - Y0/i, i is the stoichiometric mass ratio of
oxidizer to fuel, subscript oo indicates the edge of the
boundary layer, and w represents the solid fuel surface. A
stoichiometric mixture fraction can be found by setting </> = 0,
i.e.,

— </><» Yfw + Y000/1 (11)

From Eqs. (10) and (11), the instantaneous relationship
between YF, Y0, and/becomes

ff-fst (12)

Since the diffusion coefficients for fuel and oxidizer are
assumed equal in Eq. (9), the resulting time-averaged equation
for mixture fraction becomes

(13)

pUdx "" dy~dyl\Pr ' PJ dy.

-pu- 7 .a^v
/>„ - </>oo dx

Later we shall see that the solution of Eq. (13) alone is not
enough to solve the two unknown time-average quantities Y¥
and YQ by the use of probability density function. An addi-
tional transport equation, termed the g- equation, is intro-
duced to find Yp and Y0. g is defined as the square of the
mixture-fraction fluctuation, namely/'2. The governing equa-
tion for g, which resembles the ̂ -equation, n is

__ dg —dg dpu — + p v — - = — 1 — + •dx dy dy\_ \Pr

(14)

Because of the use of mixture fraction and probability den-
sity function, it is not necessary to solve Eq. (9) directly to
obtain YP and Y0. The time-averaged mass fractions of Yp and
TO are related by probability density function p(f) in the
following way.

(15)

Y0= Y0(f)p(f)df

5V = Y?(f)p(f)df

a) beta pdf b) clipped Gaussian pdf
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Fig. 2 Distributions of beta, clipped Gaussian, double delta (at
7=0.2213, g = 1.0072337 xlO'2), and ten-point delta (at 7=0.2213,
g = 1.0072337 X10"2) probability density functions across the bound-
ary layer.

In this study, four types of p.d.f.s are adopted. They are the
beta probability density function, clipped Gaussian probabil-
ity density function double delta probability density function,
and the ten-point delta probability density function, respec-
tively, which are described in detail as follows:

1) Beta Probability Density Function (/3 - p.d.f.):
The beta probability density function, illustrated graphi-

cally in Fig. 2A, is written as8'12'13

0 </<! (16)

where the two parameters a. and 13 are determined explicitly by

,-f ~f-) \ J
g

g (17)

As soon as the values of 7 and g are know via Eqs. (13) and
(14), a and 0 are solved at each grid point by the above
equations and the p.d.fL is determined at that point by using
Eq. (16). Then YF and Y0 can be evaluated by Eq. (15).

2) Clipped Gaussian Probability Density Function (C-
p.d.f.):

This function is in form of 14

1
(H(f) -(/-

+ Ad(Q) +56(1)

where
exP -^ (18a)
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exp -- (18b)

H(<t>) is the Heaviside unit step function, 6(0) is the delta
function, ju, is the maximum probability, and a is the variance.
The profile is expressed by the Gaussian distribution within
the range 0 < / < 1, but the sidetails of the distribution are
replaced by 6 functions at/= 0 and 1, respectively. Figure 2B
shows the clipped Gaussian configuration. The most probable
values of distribution p and variance a are determined by the
values of/and g, which are:

7 = fp(fW

=f'2 = (f~~f)2P(f)df (19)

From above equations, we can obtain the values of /* and a
iteratively for which the detailed procedure can be referred in
Ref. 19. Substituting them into Eq. (18), we can have FF and
YO by using Eq. (15).

3) Double Delta Probability Density Function and Ten-
Point Delta Probability Density Function:

The double delta p.d.f., proposed by Khalil et al.,15 is
presented by a rectangular-wave variation (See Fig. 2C):

P(f) = -a) d ( f - f ~ ) (20)

where/+ =/ + #' /2,/~ =/-£1/2, and a is equal to 0.5. The
parameter a is the probability at that point.

The double delta p.d.f. was stated by Jones16 that its results
are unsatisfactory in comparison with Kent and Bilger's mea-
surements.17 According to Kent and Bilger,18 we adopt a mod-
ified delta p.d.f. by extending the two-point delta function to
a ten-point delta function, where it can be seen in Fig. 2D. The
interval ( f + , f~) is divided into nine sections and conse-
quently the parameter a becomes 0.1.

The functions presented above are widely used to describe
the probability distribution of / ranged between 0 and 1 in
turbulent flames. However, these studies, cited in each cate-
gory of p.d.f.s are concerned with the combustion problems
of gaseous fuels except that in Ref. 8. The present study
motivated from the last work is to apply these four p.d.f.s to
solid fuel combustion and subsequently to investigate their
effects on the flame structures.

The time-averaged energy conservation equation is given by

_.dCpT —dCpT
pu —r— + pv —r— =dx dy dyPrP dy (21)

where q is the heat of combustion per unit mass of fuel
consumed. Similarly, we also have the same closure difficulty
with the average reaction rate oiF. Therefore, a conserved
variable H is used instead, defined as

H=CPT+ (22)

Combining the time-averaged oxidizer species equation in Eq.
(9) with Eq. (21) yields

-+ ' v - + (23)

Finally, in order to complete the mathematical description,
the boundary conditions must be specified. They are described
as follows:

At the edge of the boundary layer (y -*o>)

dK de
u = u00, T~=0, 7-=0>dy dy

g=0, H= Cpfoo + Y0ooq/i

At the surface of solid fuel (y = 0)
f w = 0, AT=0, e = 0, 7=1, ff = Hw

(24)

(25)

and the boundary condition of g at y =0 is derived by apply-
ing fuel conservation over a control surface which yields

gw ~ 2mb ' dy
- Y¥

' ' dy )w (26)

The mass burning rate mb can be obtained by using an
energy balance at the solid fuel surface:

df

L + Ca(Tw - Ts)
(27)

where rhb = (pv)w. L, Cs, and Ts are the latent heat, the heat
capacity, and the bulk temperature of the solid, respectively.
On the right-hand side of Eq. (27), the numerator represents
the rate of heat conducted to the solid wall from the gas phase
and the denominator represents the heat required to transform
a unit mass of solid initially at temperature Ts into vapor at
temperature Tw. The boundary value of YFw is determined by
mass balance on the wall, expressed as

AY
fh = fn Y¥w + pDt (-T^) (28)

Numerical Calculation
The problem is solved numerically. The development of a

numerical scheme from differential equations to difference
ones, the treatment of probability density function, and the
computational procedure can be found in Ref. 19. In that
reference, two limiting cases, the incompressible rigid wall
flat-plate turbulent boundary layer and the same flow configu-
ration with uniform mass blowing, are tested in advance to
ensure the accuracy of the scheme. The results are in good
agreement with that by applying the 1/7 law as well as the data
measured by Klebanoff20 and by Mickley and Davies21 sepa-
rately.

Results and Discussion
In this study, polymethylmethacylate (PMMA) is selected as

the solid fuel and the freestream fluid is air. The properties of
fuel, air, and gas mixture used in this computation are listed in
Table 1. Based on the data in Table 1, the adiabatic flame
temperature is found to be 2550 K. The various constants,
which appear in the governing equations mentioned previ-
ously, are listed below in Table 2.8

The results presented are picked up at 82060, corresponding
to 28.7 m downstream of the starting point so that the initial-
profile influence is negligible.

The computed results of infinite-fast combustion calcula-
tion in different coordinates are shown in Fig. 3. In Fig. 3A,
where the abscissa is/, the adiabatic temperature occurs at the
mixture fraction in its stoichiometric condition. The tempera-
ture and species-concentration are in linear relation because
from Eq. (12) YF and Yo are proportional to /. Figure 3B
shows the corresponding flame structures across the boundary
layer in y/d coordinate. It can be seen that fst is located at
y/6 = 0.58.

The turbulent flame structures in the following figures are
presented for each applied probability density function. It can
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Table 1 Property values

Name Symbol Value Unit

PMMA molecular weight
latent heat
heat of reaction
Stoichiometric mass ratio
fuel surface temperature
interior fuel temperature
fuel specific heat
air temperature
air density
molecular viscosity
airstream velocity
average specific heat
Prandtl number
turbulent Prandtl number
Lewis number
turbulence Lewis number

M
L
q
i

Tw
Ts
Cs
Too
/Ooo

/*
Woo

CP
Pr
Pt
Le

Lt

100
1050

22960
1.92
750
300

1.463
1000

0.3532
4.65 X 10'5

30
1.4542

0.9
0.9
1.0
1.0

g/g-mole
kJ/kg

kJkg-fuel

K
K
kJ/kg-K
K

kg/m3

kg/m-s
m/s

kJ/kg-K

Table 2. Fuel, air, and gas mixture properties

Ci C2 Cgi Cg2

0.09 1.55 2.0« 2.7 1.79 1.3 1.0 0.9

*At low turbulence Reynolds number C2 = 2.0 [l.O-O.
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c) double delta pdf
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Fig. 4 f/Tfl</(I), FHII), Fo(III) and g(IV) distributions vs mixture
fraction /.
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Fig. 3 Flame structures of turbulent diffusion flame under infinite-
fast kinetics (I: I/Tad\ H: U/Uoo; III:FF; IV: F0).

be seen that they are quite similar to each other; therefore, we
describe the flame feature in general aspects first and then
compare this turbulent flame influenced by the imposition of
p.d.f. with that by the infinite-fast kinetics assumption just
mentioned. The discrepancy between the flames due to the
different application of p.d.f.s is also discussed figure by
figure.

Figure 4 shows the calculated distributions of species mass
fractions and temperature plotted against the mixture fraction
/. The highest temperature is found to occur at the rich side of
the Stoichiometric condition. The mass fractions of oxidizer
and fuel fall from their maximum values at /= 0 and /= 1,
respectively, to the Stoichiometric condition at 7=0.1667. At
the Stoichiometric point, both Y0 and Y/rare nonzero which is
unlike that in infinite-fast combustion shown in Fig. 3. This is
consistent with the measurement of Razdan and Stevens.4 It is
the so-called "unmixedness" phenomenon! that delays the
combustion of even highly reactive fuels in turbulent diffusion
flames. In these flames, the reaction is spread over regions of
substantial thickness, in which both fuel and oxidizer have
significant concentrations. Despite these concentrations and
the high chemical reactivity, the reaction proceeds slowly be-
cause the fuel and oxidant are presented at a given point at
different times.11

a) beta pdf b) clipped Gaussian pdf

0.0y • i "~^ id —1__——j i in i^a^r ^— • •
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

c) double delta pdf d) 10 points delta pdf

Fig. 5 T/Tad(l), w/i/oo(II), FF(III), and YO(IV) distributions in tur-
bulent diffusion flame boundary layer.

Another view of the turbulent flame structure across the
solid-fuel boundary layer is shown in Fig. 5 where the abscissa
is y/d instead of/. The peak temperature is lower than the
adiabatic one owing to the introducing of the probability
density function. Fuel and oxidizer are overlapped near the
peak temperature region. It is shown that the broader the
overlapped region, the lower the peak temperature. The mean
temperature profile is much more rounded in the peak region
compared with those found in laminar flames due to the
turbulent fluctuation.

It can be seen that in the clipped Gaussian and beta p.d.f.s,
the species mass-fraction profiles are identical and the temper-



376 CHEN, LANG, AND SHAN AIAA JOURNAL

atures profiles are almost the same with the maximum temper-
ature difference being less than 1%. For both p.d.f.s, the peak
temperature is about 88% of the adiabatic flame temperature
which occurs at y/d = 0.41. Consistently, there is a substantial
overlap of the averaged fuel and oxidizer mass fractions for
0.2 < y/d < 0.8. The temperature profile of the double delta
p.d.f. shows that there exists two discontinuities between the
species overlapping region, which is also mentioned in Ref. 22.
The reason will be explained later. Outside the region, the
temperature profile is similar to that by the infinite-fast kinetic
assumption (see Fig. 3). The predicted highest temperature is
2.197b greater than that of beta p.d.f. The temperature profile
of the 10-point delta p.d.f. appears to be rounded again, and
its peak value is 92% of the adiabatic one and is higher than

that of the others since it has the smallest overlapping region.
Figures 6 and 7 show the molecular viscosity and eddy

viscosity distributions inside the boundary layer. In Fig. 6, we
can see that /*, is much greater than /*, indicating that it is a
fully turbulent region there. The molecular viscosity profile is
similar to temperature profile since it can be detected from Eq.
(8), where /* « T. However, it shows that /*, is not always
greater than ju close to the wall in Fig. 7. This explains the
necessity of the near-wall manipulation. The point where
Ht = [L is at 'y/d = 1.01 X 10'3 (y + = 3). In this study, the first
grid point is located at y + =0.18 such that the computing
domain includes the viscous sublayer. Other authors select the
point inside the domain, from y + = 30 to 50, to patch the
laminar and turbulent regions in the wall-function method. It

-+---+----U4?-
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Fig. 6 Molecular viscosity and turbulent viscosity distribution in turbulent diffusion flame boundary layer.
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Fig. 7 Molecular viscosity and turbulent viscosity distribution near the wall in turbulent diffusion flame boundary layer.
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Fig. 8 Dimeiisionless turbulent kinetic enrgy K *, shear stress T * , and
dissipation rate e* in turbulent boundary layer (I: r'xlOOO; II:
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Fig. 9 Dimensionless turbulent kinetic energy K*, shear stress T*,
and dissipation rate e* near the wall in turbulent boundary layer (I:
7" x 1000; II: K* x 100; III: e* X10'6).
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Fig. 10 / and g distribution inside the turbulent boundary layer.

is between ^ = O.OSju, and 0.05/i,, corresponding to where the
fully turbulent hypothesis is applied.

The dimensionless turbulence kinetic energy k*, dissipation
rate e, and shear stress T* distributions are shown in Figs. 8
and 9. The location of the maximum shear stress shifted away
from the wall in Fig. 8, which is caused by the coupling of
turbulent viscosity and velocity gradient. Also, the position of
maximum turbulent kinetic energy is raised up and is at a large
distance from the wall, which is quite different from the
incompressible case. The phenomenon was also observed by
Razdan and Kuo.23 However, the peak of dissipation rate
stays close,to the wall.

The differences for the T*, k*, and e* distributions among
the applied p.d.f.s are very small. The shear stress in the
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Fig. 11 Dimensionless velocity, mixture-fraction, and enthalpy dis-
tributions inside the turbulent boundary layer.

double delta p.d.f. has a discontinuity at y/60.99 = 0.39. This is
due to the temperature (viscosity) discontinuity there.

The distribution of mean square of mixture-fraction fluctu-
ation g and mixture fraction / are shown in Fig. 10. The
fluctuation is strong inside 0.01 < y/d <0.5, which is due to
the coupling of temperature fluctuation and velocity gradient.

The profiles of_nondimensional velocity u9 enthalpy H, and
mixture fraction/are shown in Fig. 11, where u = (u/u^) and
H = (H - //w)/(//oo - Hw). It is found that the profiles are
similar to each other, indicating that the generalized Reynolds
analogy is valid even near the hot combustion region. It is also
found in Ref. 2. It may be intuitively expected that the pres-
ence of combustion within a boundary layer will alter the
momentum transfer across the boundary layer. It appears that
the heat release should further reduce the velocity gradient
through density reduction mentioned by Wooldridge.2 In our
study, no velocity inflection occurs near the flame sheet since
there is no pressure gradient in the streamwise direction for
flat-plate boundary-layer combustion. The velocity profile is
much fuller than that in the laminar boundary-layer flame due
to the appearance of Reynolds stress.

Figure 12 shows the relationship between mass burning rate
and friction coefficient. The friction coefficient decreases
downstream which resembles the trend of the mass burning
rate. The ratio mb/Cfis found to be constant over the range of
computation. This result indicates that the burning rate in the
flat-plate turbulent boundary-layer flame is proportional to
the friction coefficient (or velocity gradient) at the surface. A
similar conclusion is also found in the laminar boundary-layer
flame, such as the classical problem by Emmons.24

So far, we have mentioned some differences among these
flame structures figure by figure due to the different applica-
tion of p.d.f.s, the basic differences among these p.d.f.s, and
the reasons causing the discrepancies between the resulted
flame structures are discussed as follows.

Figure 2A and 2B show the beta p.d.f. (13- p.d.f.) and.
clipped Gaussian p.d.f. (C - p.d.f.) distributions separately.
The two profiles are similar in the same location. This is why
the profiles of the temperature and species concentrations
have a little differences in applying these two p.d.f.s. The
major differences are at the boundary (7=0 and/= 1). In the
/3- p.d.f. [see Eq. (16)], p(f) becomes zero on both ends
whereas the corresponding values in the C — p.d.f. are not [see
Eq. (19)]. In the latter case, the probabilities outside these two
boundaries are lumped into the outer bounds.

0.013
0.0016 0.0014 0.0012 0.0016 0.0014 0.0012

c) double delta pdf d) 10 points delta pdf

Fig. 12 Mass burning rate vs skin friction.

The double delta p.d.f. distribution can be seen in Fig. 2C.
It is made of two delta functions at the specified positions
rather than a smooth curve over the domain as the beta p.d.f.
or the clipped Gaussian p.d.f. For fst outside the domain
between/" and/+ _, the reaction rate is treated as infinite fast.
Otherwise, (/" < fst < / + ):

p(f) = 0.5 - d(f -/ + ) + 0.5 - d(f -/-)

When/5, is very close to/~, which indicates the probability of
YF should be dominant. However, from above expression the
probabilities of Y0 and YF are equal which is unrealistic.
Therefore, the discontinuities result as/5, is approached to/"
or/+ .

A modified p.d.f. is shown in Fig. 2D. The two-delta func-
tion in/is replaced by a ten-delta function, where the domain
is arranged into nine equal-spaced subdivisions. It avoids the
incorrect situations near /~ and /+ mentioned above and
eliminates the discontinuities.

Both double delta p.d.f. and ten-point delta p.d.f. are not
correct from the viewpoint of statistics. For example, in Fig.
2C, /", which is starting point of the overlapping region, is
equal to a. It means that the probability outside/", which
includes the 15.87% probabilities, does not count in the func-
tion. The same error also occurs at the right-hand side of/+ .
Further improvements are needed in applying these two p.d.f.
methods.

Conclusions
A combustion model for turbulent flame adjacent to a

solid-fuel plate in a parallel oxidizer flow is established. The
flow is assumed to be boundary layer and the mean properties
of the turbulent flowfield are calculated by the use of low-Rey-
nolds-number K-e model. The instantaneous thin-flame the-
ory together with the probability density function are used in
the combustion model. The temperature is determined as soon
as the distributions of averaged fuel and oxidizer mass frac-
tions, via the integration of the product of their instantaneous
quantities and p.d.f. over the corresponding domain, are ob-
tained.

There are four kinds of p.d.f's adopted in this study. They
are the beta p.d.f., the clipped Gaussian p.d.f., the double
delta p.d.f., and the ten-point delta p.d.f., respectively.

By application of the p.d.f., the time-averaged mass frac-
tion of fuel and oxidizer overlap substantially. This is the
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so-called "unmixedness" phenomenon that reduces the
highest temperature at the reaction zone and forms a rounded
temperature profile. The mean temperature profile and its
maximum depend on the distributions of Y? and Y0 and the
depth of their overlap, which are influenced by the form of
p.d.f. However, it is found that the velocity, mixture fraction
and its fluctuation, and total enthalpy are similar no matter
what kind of p.d.f. is applied.

The flame structures are identical for the application of the
beta p.d.f. and the clipped Gaussian p.d.f. because their ap-
pearances are almost the same except on both endpoints. The
profiles show the occurrence of discontinuity by the use of the
double delta p.d.f. due to the unreasonable distribution pro-
portion. A modified ten-point delta p.d.f. is used and the
discontinuity no longer existed. However, it results in the
smallest overlap between yF and Y0 where the flame tempera-
ture is the highest.

As with most turbulent modeling the ultimate check of
success lies on its comparison with experiment. Unfortunately,
as noted in the review,25 there is a lack of detailed data on
solid-fuel turbulent reacting flow, which is obviously an area
where more work is needed.
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